We explore the potential of double core hole electron spectroscopy for chemical analysis in terms of x-ray two-photon photoelectron spectroscopy (XTPPS). The creation of deep single and double core vacancies induces significant reorganization of valence electrons. The corresponding relaxation energies and the interatomic relaxation energies are evaluated by CASSCF calculations. We propose a method how to experimentally extract these quantities by the measurement of single and double core-hole ionization potentials (IPs and DIPs). The influence of the chemical environment on these DIPs is also discussed for states with two holes at the same atomic site and states with two holes at two different atomic sites. Electron density difference between the ground and double core-hole states clearly shows the relaxations accompanying the double core-hole ionization. The effect is also compared with the sensitivity of single core hole ionization potentials (IPs) arising in single core hole electron spectroscopy. We have demonstrated the method for a representative set of small molecules LiF, BeO, BF, CO, N 2 , C 2 H 2 , C 2 H 4 , C 2 H 6 , CO 2 and N 2 O. The scalar relativistic effect on IPs and on DIPs are briefly addressed.
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I. INTRODUCTION
The effect of the chemical environment manifests itself in energy differences of molecular core levels with respect to the atomic ones referred to as "chemical shifts". These can be measured by core level spectroscopies, e.g., by x-ray photoelectron spectroscopy (XPS) also known as electron spectroscopy for chemical analysis (ESCA) and by x-ray-induced Auger electron spectroscopy (XAES) 1 . Both spectroscopies have shown to be exceedingly successful tools to reveal the quantitative elemental composition of molecules and solids.
More than two decades ago, Cederbaum et al. 2, 3 discovered that the creation of double core vacancies in molecular systems probes the chemical environment more sensitively than the creation of single core vacancies. Two-atomic site double ionization potentials, or briefly two-site DIPs ( or two-site double ionization energies, DIEs ) are particularly sensitive to the chemical environment as the examples of the C 2 H 2 , C 2 H 4 , C 2 H 6 2 and C 6 H 6 3 molecules demonstrate. The chemical shifts of one-atomic site DIPs, or briefly one-site DIPs, were found to be similar to the chemical shifts of the single core level ionization potentials (IPs), or ionization energies (IEs). This finding has given impetus to a number of theoretical studies aimed at elucidating properties of molecular double core hole states [4] [5] [6] [7] .
So far experimental explorations of double core hole states with conventional XPS were restricted to those having two vacancies on the same atomic site only 8, 9 since the probability to produce a two-site double core hole state with one-photon absorption is practically zero at third-generation synchrotrons due to low x-ray intensities. This prevented further progress of the subject. The situation has changed with development of x-ray free-electron lasers (x-ray FELs) 10 . At FEL facilities in operations, such as FLASH in Hamburg 11 and SPring-8
Compact SASE Source (SCSS) test accelerator 12 , multi-photon absorption processes resulting in multiply ionized states of various systems have been extensively studied [13] [14] [15] [16] [17] . In the x-ray FEL facility LCLS at SLAC National Accelerator Laboratory, which has just started operations 18 , ultrashort pulses of a duration about 1-fs containing 2.4×10 11 photons with energies of 1 keV are expected to be generated 19, 20 thus opening up the possibility to study molecular two-site double core hole states. Inspired by the advent of the x-ray FEL at LCLS, Santra et al. 21 have demonstrated theoretically by the proof-of-principle simulations on the organic para-aminophenol molecule that two-site double core hole states can indeed be probed by means of x-ray two-photon photoelectron spectroscopy (XTPPS).
The operating principle of XTPPS is depicted schematically in Fig. 1 . The initial step in XTPPS corresponds conventional XPS, i.e., a neutral molecule with an energy E 0 is irradiated by an x-ray photon with an energy ω X and a photoelectron with the kinetic energy k 2 P,1 /2 is ejected. This photoelectron carries information about a singly core ionized state E + of the molecule. If a second x-ray photon is absorbed before the intermediate core hole state decays, the second photoelectron expelled from the cation with the kinetic energy k 2 P,2 /2 carries information about a double ionization potential. It is important to have an intense x-ray pulse with a duration that is significantly shorter than the core-hole lifetimes (typical lifetimes of core ionized states of F, O, N and C atoms are 3 to 7 femtoseconds).
If the pulse duration is longer than these lifetime, then Auger decay is likely to occur prior to absorbing the second photon and thus the double core hole states may not be probed. A dicationic state E ++ of the system prepared by two-photon absorption decays electronically.
Two primary Auger decays take place which overlap in time. An Auger decay happens preferably at that atomic site where the core hole has the shorter lifetime and an Auger electron with kinetic energy k 2 A,1 /2 is ejected. This process proceeds in the presence of the second core hole which also decays via the Auger mechanism emitting an electron with kinetic energy k 2 A,2 /2. The electrons ejected via such a cascade of Auger decays can in principle be measured by a novel Auger spectroscopy which we call x-ray two-photon-induced Auger electron spectroscopy (XTPAES).
It is worthwhile to note that double core ionization can be accompanied by various shakeup processes similar to single core ionization. These many-body effects should manifest themselves in XTPPS spectra as satellites which are of interest as well. Both x-ray twophoton-induced Auger spectra and satellites structures will be addressed elsewhere.
The subject of the present paper is the main double core hole states. In order to provide a guideline for XTPPS experiments, we have performed ab initio calculations of core level single and double ionization potentials of LiF, BeO, BF, CO, N 2 , C 2 H 2 , C 2 H 4 , C 2 H 6 , CO 2 , and N 2 O molecules. In addition we have explored the sensitivity of the DIPs to the chemical environment of the core ionized atoms. We decompose the DIPs in three physical contributions such as the orbital energies, the electrostatic repulsion energy between two core holes and the generalized relaxation energy and describe how the latter can be extracted from the experimental XTPPS spectra. 2 gives rise to double ionization potentials in the delocalized picture. Differences between single ionization potentials arising due to applying localized and delocalized representations are not studied in the present paper because they have been discussed in detail before 27, 28 .
II. COMPUTATIONAL METHODS

Ab initio
In this work, we ignore the geometry relaxation of ionized state. In core ionization the change of geometry can be significant, depending on the case under investigation. In single core ionization one can explain the measurements well by employing the concept of vertical transitions. As in single ionization, also in XTPPS where the two X-ray photons must be absorbed within a time shorter than the Auger decay times, the concept of vertical transitions can be expected to be very useful.
In order to assess the impact of scalar relativistic effects on the core level single and double ionization potentials we made relativistic CASSCF calculations for the CO and BF molecules using the eighth order Douglas-Kroll-Hess Hamiltonian (DKH8) [29] [30] [31] [32] [33] . To get insight into the dynamic correlations, we also performed CI calculations with the CAS space plus single excitations from the CAS for both single and double core-hole states.
All calculations were done with the Molpro2008 quantum chemistry package 34 .
III. RESULTS AND DISCUSSIONS
A. Single core hole states
Let us first discuss single core hole IPs. The ionization potential for the formation of a vacancy S −1 can be represented as
where ε S is the corresponding orbital energy and RC(S −1 ) is a contribution to the ionization potential due to relaxation R(S −1 ) and correlation C(S −1 ) effects:
The relaxation and electron correlations intermix with each other and cannot be strictly separated. The separation of these quantities was discussed in details in a perturbative way 35 and in a nonperturbative way using MRCC 36 . The correlation contribution can be further decomposed into two parts C1 and C2 (see Refs. 37 and 28) where C1 describes a part of the ground state pair correlation energy disappearing upon removal of an electron from the spin orbital S, and C2 accounts for changes in the remaining pair correlation energy due to relaxation. Except for C1 which is a very small contribution, all contributions to RC are thus associated with relaxation of molecular orbitals. Therefore, for brevity of discussion, we may call RC the generalized relaxation energy.
A straitforward way to obtain the relaxation energy is to perform ∆SCF calculations. In Table I we list IPs calculated with the CASSCF and ∆SCF methods together with available experimental values [38] [39] [40] [41] [42] [43] [44] . Table I B. Double core hole states
R(S
General equations and results
In analogy to Eq. (1), we represent the double ionization potential of a state with two core vacancies S 
where E RE is the repulsion-exchange energy of the two core holes. For an one-site double core hole state, it is described by the two-electron integral
, and, for a two-site double core hole state, by a linear combination of the integrals V S i S j S i S j and V S i S j S j S i where the exchange term is negligibly small when the core holes are well localized 5 .
The generalized relaxation RC(S
j ) can be decomposed into three parts
where RC(S In Table II we list the calculated double ionization potentials. We also show the correlation contributions to DIPs. As one can see these contributions are remarkably larger than those to the single IPs and may constitute 5.6 eV. In the special cases, however, when we performed calculations with delocalized core orbitals, differences between ∆SCF and CASSCF values rise to 27-35 eV resulting from the failure of the ∆SCF method in the delocalized picture to account for all relaxation contributions as described by Cederbaum et al. 2, 3 .
One can notice by comparing Taking into account Eqs. (1) and (4), we can represent DIP (S
and define the ionization potential of the core vacancy S 
whereas
is defined as the ionization potential of the core vacancy S Table III where we collect the kinetic energies of all the core electrons of the CO molecule which one would detect in an XTPPS experiment given that the molecule is irradiated by an x-ray pulse with photon energies of 1 keV. First of all, we notice that it is more difficult to remove an electron from the core ionized CO molecule than from the neutral one. The respective energy difference is about 70-90 eV when the first and the second core electrons are ejected from the same core orbital. This energy difference reduces drastically to about 15 eV when different core orbitals are affected. Apparently, the electrostatic interaction between the two core holes plays a crucial role here. NRC(S −1 i , S −1 j ) exerts an influence on the above energy differences too, as can be deduced from Eqs. (6) and (7).
One-site double core hole states
If S i = S j = S then ∆E takes the form
We calculated ∆E1(S −2 ) for the molecules under study using the respective CASSCF single and double core hole ionization potentials and collect them in Table IV . The dependence of ∆E1(S −2 ) on the atomic number Z is displayed in Fig. 2(a) . 
The respective results for V SSSS and a difference between them are discussed in Appendix C.
Using Eq. (4) we represent ERC(S −1 , S −1 ) as
It has been shown in Ref.
2 that at the second order perturbation theory the following relationship between the relaxation energies is valid:
Since the impact of correlation into ionization potentials is small compared to the impact of relaxation, we expect that a similar relationship exists between the generalized relaxation energies RC(S −1 , S −1 ) and RC(S −1 ). Let us therefore introduce that
and find the optimal n. After the substitution of Eqs. (11) and (13) into (9), we get
Now we can easily calculate n by using the ab initio results for ∆E1, RC and V SSSS . The respective values of n as a function of the atomic number Z are shown in Fig. 3 . As one can see, deviations of the calculated n from the expected value of 4 are rather small (15% in the worst case of Li) and therefore n = 4 can be considered as a plausible approximation for the molecules studied in the present work.
As a result, we obtain the following expression for the generalized relaxation energy:
The values of RC(S −1 ) calculated by means of Eq. (15) are given in Table IV and also plotted in Fig. 2(b) as a function of Z. It is worthwhile to note a reasonable agreement between them and the corresponding results from Table I .
Two-site double core hole states
If S i = S j then ∆E takes the form
where the repulsion-exchange energy E RE has been approximated by the inverse of the distance r between the two atoms with the core vacancies S In order to analyze the reorganization caused by double core hole ionization, we calculated the electron density difference between the ground and double core hole ionized states.
These electron density differences without the 1s contribution are plotted in Fig. 5, to better visualize the reorganization of the valence electrons. In the blue or green region, the electron density increases, while the density decreases in the red region. In the C 1 1s −2 state of C 2 H 4 , the electron density of the C 1 -C 2 , C 1 -H bond and H atoms connected to C 1 atom reduces and flows to the region around C 1 atom as shown in Fig. 5(a) . In the C 1 1s −1 C 2 1s −1 state of C 2 H 4 , on the other hand, the electron density in the region of C-H bonds and H atoms flows to the region of both C atoms as in Fig. 5(b) . This explains the positive value of IRC in the C 1 1s −1 C 2 1s −1 state as noted above. In the case of the O1s −2 state of CO, the electron density of the CO bond is used for the reorganization around the O atom ( Fig.   5(c) ).
IV. CONCLUSIONS
We have computed the ionization potentials of single and double core hole states of the small molecules LiF, BeO, BF, CO, The quantities extracted from XTPPS are differences between the kinetic energies of core electrons ejected via the first and second ionization steps, i.e., of core electrons ejected from neutral and core-ionized systems, respectively. These kinetic energy differences are defined by a localization of the two core vacancies created and by relaxation processes induced by double core ionization. We have shown how one can extract the generalized relaxation energy associated with single core ionization as well as the excess and interatomic generalized relaxation energies associated with one-site and two-site double core ionizations, respectively, from experimental data by knowing the repulsion energy between the two core holes. The corresponding XTPPS experiments are now in preparation in the x-ray free electron laser facility LCLS at SLAC National Accelerator Laboratory. respectively. One of us has shown that a similar tendency is observed also for the third-row Si, P, S, Cl atoms 46 . A growth of scalar relativistic effects with the atomic mass exhibits also in the case of double core hole ionization. We note that the relativistic effects on the one-site DIPs are about 2.3-3 times larger than those on the respective single IPs. Interestingly that in the case of two-site doubly ionized states the relativistic effects are perfectly described by the sum of the relativistic effects associated with the constituting single core vacancies.
Appendix B: Basis set effects
In this section we explore the basis set dependence of the single and double core hole ionization potentials by examples of the C 2 H 2 and CO molecules. We have examined four 
Appendix D: Effect of dynamic correlations
We performed the CI calculations with the space of the singly excited configurations from the CASSCF configurations and examined the semi-internal correlation. The results for the single and double core-hole states of C 2 H 2 and CO were summarized in Table VII . The difference between the results of CI and CASSCF provides the effect of the semi-internal correlation. The semi-internal correlation has small effect on IPs of the single hole states, less than +0.03 eV for C1s −1 and +0.25 eV for O1s −1 . The effect for the one-site double core-hole states is significant as +0.24 ∼ +0.54 eV, while it is small for the two-site double core-hole states as +0.08 ∼ +0.12 eV. 
